Prace Kola Mat. Uniw. Ped. w Krak. 4 (2017), 39-55

Prace Kota Matematykdw
Uniwersytetu Pedagogicznego w Krakowie (2017)

Mariusz Swornég
Line arrangements and Harbourne constants

Streszczenie. Liniowe state Harbourne’a zostaty wprowadzone w [1] w zwigz-
ku z Bounded Negativity Conjecture. State te sa powiazane z konfiguracjami
prostych. Konfiguracje mozna rozpatrywaé nad dowolnym cialem liczbowym.
Pewne konfiguracje da sie zrealizowaé geometrycznie tylko nad pewnymi
cialami. W pracy tej zajmujemy sie stalymi Harbourne’a: rzeczywistymi,
zespolonymi oraz absolutnymi. Gléwnym wynikiem zaprezentowanym w tej
pracy jest wskazanie najmniejszej liczby dp takiej, ze:

HL((C,db) < HL(R, db).

Przy okazji prowadzonych badan uzyskaliSmy i sformutowaliémy warunek
konieczny i wystarczajacy istnienia konfiguracji do 7 prostych rzeczywistych.

Abstract. Linear Harbourne constants have been introduced in [1] in con-
nection with the Bounded Negativity Conjecture. These are numerical in-
variants associated to arrangements of lines. This notion depends on the
configuration of lines: the number of lines and the number and multiplicity
of points in which the lines intersect. It is well-known that certain arrange-
ments can be realized only over certain fields. Thus Harbourne constants
also depend on the ground field. In this note we consider three variants of
Harbourne constants: complex, real and absolute (i.e. associated to arrange-
ments defined over some field). Let H (K, d) be the minimum of all linear
Harbourne constants of d lines defined over a field K (see Definition . In
the present note, we will find the least number d such that

Hi(C,dp) < Hr(R,dp).

As a by-product, we establish necessary and sufficient conditions for the
existence of arrangements of up to seven real lines.

AMS (2010) Subject Classification: 52C30, 05B30, 52C35, 32522.
Stowa kluczowe: Harbourne constants, arrangements of lines, combinatorial arrangements.
2 Konfiguracje prostych i state Harbourne’a
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1. Preliminaries

In the present paper we study arrangements of lines in projective planes. We
consider planes P?(K) defined over an arbitrary field K. An arrangement £ is
a finite set of lines ¢;, i = 1,...,d in P?(K).

DEFINITION 1.1

A point P € P%(K) is a singular point of an arrangement £ if it is the intersection
point of at least two lines from £. The number of lines from £ passing through
a singular point P is called its multiplicity and we denote it by multg(P). The set
of all singular points of an arrangement is denoted by p(£).

DEFINITION 1.2

An arrangement £ of d lines is a pencil of lines if there exists a point P € p(£)
with multe(P) = d. An arrangement £ of d lines is a quasi-pencil of lines if there
exists a point P € p(£) with multe(P) =d — 1.

DEFINITION 1.3 (Linear Harbourne constant of £ at p(£))

Let £ = {¢,}2; be an arrangement of d K-lines in the projective plane, let p(£) =
{P,}?_, be the set of singular points of the arrangement. The linear Harbourne
constant of £ at p(£) is:

d2 — ZZ:l multg(Pk)z

HL(K,S) = s

DEFINITION 1.4 (Linear Harbourne constant of arrangements of d K-lines)
The linear Harbourne constant of arrangements of d K-lines is:

HL(K, d) = E:I%iél:dHL(K7 ,S)

DEFINITION 1.5 (Absolute linear Harbourne constant)
Let d be a given natural number, d > 2. The absolute linear Harbourne constant
is:

Hi(d) = mKin’HL(K, d).

2. Open problems

There is a number of open problems which we would like to address here.

PRrROBLEM 2.1
Determine for which solutions of the diophantine combinatorial equation in Defi-
nition there exists a line arrangement with this data.

PROBLEM 2.2
Does there exist a universal necessary and sufficient condition for the existence of
a line arrangement? Only some necessary criteria are known.
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PROBLEM 2.3
Determine Harbourne constants of all line arrangements.

PROBLEM 2.4
No general method of computing Harbourne constants is known.

After 2015, there appeared some partial answers to these questions. Partial answers
to Problems and are given in this paper. Partial answers to Problem

are:
e [7]: for the values of H(d) and H(C,d) if d < 10;
o [6]: for the values of Hp (R, £) and Hr(R,d) if d < T;
e [2: for the values of Hy(d) if d < 31;
o this paper: for the values of H (R, £) and Hz(R,d) if d < 9.

Some observations and estimates related to Problem appeared in [6], [7] and
this paper, a number of interesting inequalities, estimates and theorems appeared
also in [2].

3. Ciriteria for the existence of an arrangement of K-lines

DEFINITION 3.1 (Diophantine combinatorial equation)
Let £ = {¢,}%, be an arrangement of d K-lines, let p(£) = {P,}5_; be the set
of singular points of £. Let t;, := #{P, : multe(P,) = k}. Then the following

combinatorial equality holds:
d = k
= k- .
k=2

The equality above can be also treated as a diophantine equation in which t;’s are
variables.

This equation with fixed d has a finite number of solutions. We know that every
existing arrangement is given by exactly one solution, but not every solution to
this equation corresponds to a geometrical arrangement (see Lemma. For this
reason, we would like to find a set of criteria which will enable us to check whether
certain solutions correspond to geometrical arrangements, and which do not. In-
dicating a necessary and sufficient condition for the exitence of the arrangements
matching a given solution (for any number of lines) is still a problem challenging
for mathematicians. Below we present a set of two criteria (C1 and C3) which is
a necessary and sufficient condition for the existence of an arrangement up to 7
R-lines. We tried to create a necessary and sufficient condition for the existence
of the arrangement up to 9 R-lines (we formulated a conjecture that this set will
comprise Criterion C1, Criterion C2 and Criterion C3, later also Criterion C4),
but it turned out this conjecture is false. This means that for d > 8 the problem
is still open.
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OBSERVATION 3.2 (Combinatorial quotient)
Let T = (t,)2, be a solution of the diophantine combinatorial equation. Then let

a2 =4 k2,
Q(T) = d h=2 .
Zk:Q 23

It is easy to see that Hi(K, £) = ¢(T), when T is a solution to the combinatorial
equation which corresponds to L.

CRITERION C1 (Triangular Inequality)

Let £ = {0,}X, be an arrangement of d K-lines, p(£) = {P,}’_, a set of singu-
lar points of the arrangement. Denote by multe(Py, ), multe(P,,), multe(P,,) the
three largest consecutive multiplicities of points in ©(£), then if s > 3, one has:

> multe(Py) <d+3.
i€{a,b,c}

CRITERION C2 (Quadrangle Inequality)

Let £ = {£,}%_, be an arrangement of d K-lines, p(£) = {P,}5_, the set of sin-
gular points of the arrangement. Denote by multe(P,, ), multe(P,,), multe(P,,),
multe(P,,) be four largest consecutive multiplicities of points in p(£), then if
s >4, one has:

Z multe(P;) < d+ 6.

i€{a1,a2,a3,a4}

Easy proofs of Criterium C1 and Criterium C2 can be found in [7]. None of these
criteria is stronger than the other - it is illustrated in Paragraph [4.| (for example:
compare (d =8, Tys) and (d =9, T1go))-

CRITERION C3 (Melchior’s inequality [4])

Let £ = {£,}%_, be an arrangement of d R-lines. If the arrangement £ is not a
pencil of lines, there is the inequality:

> (k=3 < -3,

k>2

which is of course equivalent to y ;- ,(k — 3)tx + 3 < ta.

We present a proof of this inequality by showing its generalization — Theorem [3.4]
Melchior’s inequality is stronger than the Sylvester-Gallai theorem which says that
to > 0 (if the arrangement is not a pencil of lines) — for more details see [6].

LEMMA 3.3
For every d > 4 there exists a solution of the diophantine combinatorial equation
(Definition , that there does not exist a line arrangement with this data.
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Proof. For d = 4 there is a known solution T": t3 = 2,t; = 0, for all k # 3. This
solution cannot be realized over any field. For d > 3 we have an obvious equality
(dgl) +d= (g) Therefore, for every d > 5 there exists a solution:

to=d—3
a._ )tz=1
T = =1
t; =0, for i ¢ {2,3,d —1}.
For every d > 5, these solutions are excluded by Melchior’s inequality. |

3.1. Melchior and Hirzebruch type criteria

There is a natural generalization of Melchior’s inequality. It seems to us that this
result didn’t show up in the literature, so we present our proof below.

THEOREM 3.4 (Generalization of Melchior’s inequality)
Let £ be an arrangement of at least 3 lines in P?(R) such that it is not a pencill.
Then

2n
Sor—@nA1)t+2n+1<> 2n+1-1)t,.
r>2n+1 r=2

Proof. Let us denote by p, the number of regions in P?(R) bounded by 7 segments
(r-gons). Moreover,

o fo:= ZTZQ tr,
® f1:= ZTZQ Tl = %Zrzz Pr,
b f2 = Zr22 Dr-

Note that the equality for f; follows from counting segments once as edges of r-gons
and once as segments containing two vertices. The Euler—Poincaré characteristic
of P2(R) gives us that

fo—fi+tfa=1 (3.1)
We have
—@2n+1Dfo+2nfi+fi—2n+1)fo=—(2n+1)

by multiplying equality (1) by —(2n + 1) with n > 1. Then
2nfi — Cn+ 1D fo=—-2n+1)— fi+ 2n+ 1) fo.

The left-hand side of the equation gives us

2nfi — (2n+1)fa =Y ((nr —2) = 1)p,.

r>2

We know that ps = 0 (sine £ is not a pencil) and n > 1, hence

S ((nr—2) = p, > 0.

r>2
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Due to this reason

0<—(2n+1)— fi+(2n+1)f.

Therefore
2n
S r=@nA1)t+2n+1<> 2n+1-1)t,.
r>2n+1 r=2
Now for n = 1 we recover Melchior’s inequality (Criterion C3). ]

LEMMA 3.5 (Hirzebruch’s inequality [3, Theorem p.148])
Let £ = {£,}L, be an arrangement of d C-lines. If the arrangement £ is not
a pencil or a quasi-pencil of lines, there is the inequality:

3 o0
byt Jts > d+ ;(k — 4ty

Below we present the strongest known inequality for line arrangements with ¢, = 0
for r > %k‘

CRITERION C4 (Inequality stronger than Hirzebruch’s inequality [5, Rem. 2.5])

Let £ be an arrangement of d C-lines such that t, =0 for r > %d Then

3 = (r?
ta+ s >d+) <4—7‘> .
r=>5
This is the strongest inequality of this kind. For more details consult [5].

4. Main results

Below, we present the tables which:

e prove a necessary and sufficient condition for the existence of arrangements
of up to 7 R-lines);

e enumerate values of all existing arrangements £ of d R-lines (H (R, £)), for
d up to 9 and give values of H (R, d);

e prove that 35>3 Hr(R,d) = Hi(d);
e prove that J4>3 Hr(R,d) = H(C,d).

The existence of all arrangements of R-lines, for which the values of Harbourne
constants have been computed, has been checked by us empirically by means of
drawings (we do not publish them because of their number and size). The non-
existence of arrangements (n.e. - not exists) for solutions which do not give any
arrangement in P?(R) has been proven by either directly by criteria included in
the previous sections or is reduced to these criteria by simple manipulations, e.g.
adding or deleting a line.
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4.1. Two R-lines

ta || Ci=n) | Ca=n) | O3« 5 || 9(T3)
Ty || 1 +i +¢ +i 0

4.2. Three R-lines

ta [ t3 || Ci=oy | Ca=0y | O3« 3 || 9(T)
T, | 0] 1 +¢ +¢ +¢ 0
Ts 3 0 + +¢ + —1

4.3. Four R-lines

ty | t3 | ta || Ci=7) | Co—10y | Oy 5 || 9(T3)
(010 |1 + +¢ +¢ 0
T 0 2 0 +¢ ++ —(0) n.e
;|3 ]1]0] + + + —1
Ty || 6 0] 0| + + + —1z

4.4. Five R-lines

ty [ t3 | ta | ts || Ci=sy | Co=11y | Cs— 5y || a(T3)
T 0]0]0]|1 +¢ + +4 0
Ty 1 1 1 0 —(9) +t —(0) n.e.
T3] 4 0| 1] 0 + + + —-1,4
T4 1 3 0 0 —(9) + —(=1) n.e.
Ts 4 121010 + + + -1,5
Ts 711]10]0 + + + -1,5
T 110 0 | 0| O + + + -1,5

4.5. Six R-lines

to | t3 |ty | t5 | te || Cr=0) | Co—12) | Cs= 5 || a(T)
T 000|001 +¢ + +4 0
T 2 110|110 —(10) + —(0) n.e.
Ty 51010110 + + + -1,5
T4 0 1 2 0 0 —(11) +¢ —(2) n.e.
T5 3 0 2 0 0 —(10) + (=1 n.e.
Tg 0 3 1 0 0 —(10) —(13) —(1) n.e.
T~ 3 2 1 0 0 —(10) + —(=2) n.e.
Ts [ 6 [1[1][0]0] + + + -12
Ty 91011010 + + + -1,6
T 0 5 0010 + + —(0) n.e.
Tn[[3[4]0o]Jo]o0][ + + + -13
Tl 6 |3[0]0]0] + + + —1%
Tis||9]2[0]0]o0] + + + -1
Tul[12][1[0o]o]0][ + + + -15
Ti5 1510|0010 + + + —-1,6




[46] Mariusz Swornég

4.6. Seven R-lines

to | T3 | ta | ts | 6 | T7 Cl( ) CQ( ) Cg( ) q(Ty)
Ty 0]010]0]0]|1 +¢ + +¢ 0
15 0] 0 1 0 1 0 +t +¢ —(4) n.e.
T3 0 2 0 0 1 0 —(12) +¢ —(3) n.e.
T4 3 1 0 0 1 0 —(11) + —(0) n.e.
T 16 |0 |00 1|0 + + + —1%
Ts 1 0 0 2 0 0 —(11) “+¢ —(3) n.e.
ta [tz | ta | t5 || Cimioy | Co-1n) | Cs= 5y || a(Th)
T7 2 1 1 1 —(12) —(14) —(1) n.e
Ty 51011111 —(11) + —(—2) n.e
Tg 2 3 0 1 —(11) —(14) —(0) n.e
TIO 5 2 0 1 —(11) + + n.e
11 81101 + + + —-1,7
T [11]oJo[1] + + + -13
T13 0 1 3 0 —(12) —(15) —(3) n.e.
ta [ t3 | ta || Cre-10) | Co—1y | O35 || a(Th)
Ty ] 3103 —(12) —(14) —(0) n.e
Ti5 | 013 ]2 —(11) —(14) —(2 n.e
T || 3122 —(11) —(14) —(=1) n.e
T17 6 1 2 —(11) + + n.e.
Tis || 9]0 ]2 + + + -15
Tlg 0 5 1 + + —(1) n.e.
T20 3 4 1 + + —(=2) n.e.
15 6 | 3|1 + + + -1,8
Ty | 9 12| 1 + + + -1
Tos |12 1] 1 + + + —-12
Ty | 15] 0 | 1 + + + —17%
Tos 0 7 0 + + —(0) n.e.
T || 3]6]0 + + + -13
Tor || 6 | 5| 0 + + + -1
Tos || 9] 4]0 + + + —143
T [[12] 3 ] 0 + + + —1:=
Ty [[15]2]0] + + + -1
Ts |18 110 + + + —-1:3
T [[21] 0] 0 + + + —1£

4.7. Eight R-lines

m)|0]0]0]0O[0]0]|1 +¢ +¢ +¢ 0
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to t3 ty t5 tﬁ t7 tg Cl( ) CQ( ) 03( ) Q(Ti)
Ty 1 0 1 0 0 1 0 —(13) +t —4) n.e.
T3 1121010 ]0]11]0 —(13) +¢ —(3) n.ce.
Iy |4]1]0]0]0]1]0 —(13) —(15) —(0) n.e.
-l7]0o[ololol1]0] + + + 12
Ts 0 1 0 1 1 0 0 —(14) +t —(5) n.e
to | t3 |ty | t5 | te || Cr=11) | Co=11y | Cs= 5 || 9(T3)
7 |3 ]0]0 11 —(13) —(15) C) n.e
Ts || 10| 2]0]1 —(14) —(16) O) n.e
To |1 ]2 ]1]0]1 —(13) —(16) —(0) n.e
Tio 4 1 1 0 1 —(13) —(15) —(0) n.e
T 7 0 1 0 1 —(12) + + n.e
Tio 1 4 0 0 1 —(12) —(15) —(2) n.e
Tz || 4 [3]0]0 1 —gy | —as | —¢y || e
T4 7 2101071 —(12) + + n.e
Ts |10/ 10|01 + + + —-12
Te |13/ 0]0]0 1] + + + -13
Ty 210111210 —(14) —(16) —(3) n.e
ta [ t3 | ta | t5 || Ciwuny | Co-rny | O 5y || 9(T3)
Tlg 2 2 0 2 —(13) —(16) —(2) n.e.
T19 5 1 0 2 —(13) —(15) —(=1) n.e.
T20 8 0 0 2 —(12) + + n.c
Top | 010131 —(13) —(17) —(5) n.e.
Too || 0 | 2] 2|1 —(13) —(16) —(4) n.e.
T23 3 1 2 1 —(13) —(16) —(1) n.e.
Toy 6 10121 —(13) —(15) —(=2) n.e.
Tos | 01411 —(12) —(15) —(3) n.e.
T26 3 3 1 1 —(12) —(15) —(0) n.e.
Tor 6 2 1 1 —(12) —(15) + n.e.
T28 9 1 1 1 —(12) + + n.e.
Too 1201 [ 1] + + + 13
T30 0 6 0 1 + + —(2) n.e.
T31 3 5 0 1 + + —(-1) n.e.
T || 6 | 4]0 | 1 + + + n.e.*
Tss || 9 [ 3]0 1] + + + 14
Taa |12 2] 01 + + + -1
T |15 1] 0| 1] + + + -1
Ts || 18] 0 | 0 | 1 + + + 143
Ts7 11114710 —(12) —(16) —(3) n.e.
to [ t3 | ta || Cr11) | Cy=1y | Oy 5 || 9(T3)
T3s || 4 | 0] 4 —(12) —(16) —(0) n.e.
ng 1 3 3 —(12) —(15) —(2) n.e.
T40 4 2 3 —(12) —(15) —(=1) n.e.
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to [ t3 | ta || Cr=1y | Co—1y | Oy || q(T3)
T41 7 1 3 —(12) —(15) + n.e.
Tyo 10| 0 3 —(12) + + n.e
Tys 1 5 2 + + —1) n.e
Ty 4 4 2 + + —(=2) n.e.
Tys | 7 [ 3 [ 2] + + + 13
T [ 10] 2 | 2 + + + -12
Ty [13[1[2] + + + -1
Tys |16 [ 0 [ 2 || + + + -1
T4g 1 7 1 + + —<[)) n.e.
Teo || 4 161 + + + —2
T || 7151 + + + 133
Tsp |10 4 [ 1] + + + -1
Tss |13 3 [ 1 [ + + + 13
Tsa |16 ] 2 ] 1 + + + 172
Tos [19] 1 [ 1] + + + —159
Tsg |22 01 ] + + + —15f
T57 1 9 0 + + —(=1) n.e.
T58 8 0 + + + n.e. *¥
Tso | 7T | 7T[0 ] + + + 13
Teo [10[ 6 [0 + + + -1
Te, [13][5]0] + + + —12
Te2 [ 16 [ 4 | 0 + + + —13
Tes [19 [ 3]0 + + + 132
Tes |22 210 + + + —13
Tes [ 25 1 ] 0 + + + 132
Tes [ 28] 0O + + + —-12

* Solution T3, is excluded by Criterion C4.

** Solution Tsg is not excluded by any criterion C1-C4, but it gives the so-called
Mobius-Kantor configuration which cannot be drawn in the real projective plane
(see [7], Figure 9).

Therefore, for d > 8 the set of criteria {C1,C2,C3,C4} is not enough.

4.8. Nine R-lines

ty | t3 | ta | t5 | te | tr | s | to || Ci=1o) | Co=15) | Cs— 5 || o(Th)
T Ojo0ojolO0OLO0]O0]O0]1 +¢ +¢ +¢ 0
15 210 1 0010 1 0 —(14) —(16) —(4) n.e
Tg 2 2 0 0 0 0 1 0 —(14) —(16) —(3) n.e
T4 5 1 0 0 0 0 1 0 —(13) + —(0) n.e
Ts 8101010 |0]0] 10 + + + 71%
Ts 0O]0[0/0 1 1 010 +t +¢ —(7) n.e
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to | t3 | ta [ t5 | te | tr || Cic—1o) | Co1n) | Cs— 5 || a(Th)
T7 2 1 0 1 0 1 —(15) —(17) —(4) n.e
Tg 5 0 0 1 0 1 —(14) —(16) —(1) n.e
Tg 0 1 2 0 0 1 —(15) —(18) —(6) n.e
T10 3 0 2 0 0 1 —(15) — (17 —(3) n.e

to [ t3 | ta [ t5 | te [ tr || Ci—1o) | Co-1n) | Cs— 5 || 9(T3)
T11 0 3 1 0 0 1 —(14) —(17) —(5) n.e.
T2 3 2 11001 —(14) —@17) -2 n.e
T13 6 1 1 0 0 1 —(14) —(16) —(=1) n.e
T14 9 0 1 0 0 1 —(13) + + n.e
T15 0 5 0 0 0 1 —(13) —(16) —(4) n.e
Tl 3|40 0]0]1 —(13) —(16) —() n.e
T17 6 3 0 0 0 1 —(13) —(16) —(=2) n.e
Tig 9 2 0 0 0 1 —(13) + + n.e
Twl[12][1[0]Jo]O0[1] + + + -1
Ty ||15]0[0]0]0]1] + + + —-12
151 0 0 1 01210 —(16) + —(7) n.e.

ta [ t3 | ta | t5 | te || Cr=1o) | Co=1n) | Cy— 3 q(T:)
Too 0 2101107 2 —(15) —(18) —(6) n.e
T23 3 1 0 0 2 —(15) —@an —(3) n.e
T24 6 0 0 0 2 —(14) —(16) —(0) n.e
T25 1 0 0 2 1 —(16) —(18) —(6) n.e
T26 2 1 1 1 1 (15) —(18) —4) n.e
T27 ) 0 1 1 1 (15) (17) —(1 n.e
Tos 2 310111 —(14) —@7) —(3) n.e
ng 5 2 0 1 1 —(14) —(17) —(0) n.e
T30 8 1 0 1 1 —(14) —(16) + n.e
T3 1110 0 1 1 —(13) + + n.e
T32 0 1 3 0 1 —(14) —(18) —(6) n.e
ng 3 0 3 0 1 —(14) —(18) —(3) n.e
T34 0 3 2 0 1 —(14) —(17) —(5) n.e
T35 3 2 2 0 1 —(14) —@7n —(2) n.e
T36 6 1 2 0 1 —(14) —(17 —(=1) n.e
Ts7 91012101 —(14) —(16) + n.e
T || O | 5] 101 —(13) —(16) —(4) n.e
T3 | 3 141101 —(13) —(16) - n.e
Tw || 6 | 3] 101 —(13) —(16) —(=2) n.e
Tu1 9 2 1 0 1 —(13) —(16) + n.e
Ty (|12 1110 |1 —(13) + + n.e
Tyis 1501 ]0]1] + + + -1
T44 0 7 0 O 1 + + *(3) n.e.
Tys 3 6 0 0 1 + + —(0) n.e.
T46 6 5 0 0 1 + + + n.e. ¥**
Toz || 9141001 + + + n.e. ¥

[49]
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to [ t3 | ta [ t5 || Ci—1oy | Co-in) | Cs— 5 || a(T7)
To1 | 23] 1] 01 + + + —13
To [26 ] 0[O0 | 1| + + + —13
Toz || 0] O] 60 + —(16) —(6) n.e

ty | t3 | ta || Ci=1o) | Co=15y | O35y || a(T)

Toy 0 2 |5 + —(16) 5) n.e
Tos 31115 + —(16) —(2 n.e
Toe 6 0 5 + —(16) —(-1) n.e
Tor | 0 | 4 | 4 + —(16) —(4) n.e
Tog 3 3 4 + —(16) —(1) n.e
ng 6 2 4 + —(16) —(=2) n.e
Tho0 9 1 4 + —(16) + n.e
T101 12 0 4 + —(16) + n.e
Tio2 0 6 3 + + —(3) n.e
T103 3 5 3 + + —(0) n.e.
Tioa || 6 | 413 + + + -2
Tis | 91313 + + + -2
T || 12] 2 | 3 + + + —118
Ty [15] 1 [ 3] + + + -1
Tos || 18] 0 | 3 + + + -12
T109 0 8 2 + + —(2) n.e.
T110 3 7 2 + + — (=1 n.e.
Ty [ 6 ] 6 ]2 + + + —2L
Tz || 9| 5 | 2 + + + -2
T3 || 12 4 ] 2 + + + —13F
Tug (15 ] 3 [ 2] + + + 1%
Tis || 18] 2 | 2 + + + 125
T |21 1] 2 + + + —12
Tur [24] 02 ] + + + 1%
T118 0 10 1 + + —(1) n.e.
Ti19 3 9 1 + + —(=2) n.e.
Tig || 6 | 8|1 + + + —2-¢
Tior || 9| 7|1 + + + -2
T [12] 6 [ 1] + + + -1
Tias |15 5 | 1 + + + -127
Tipg 18] 4 [ 1] + + + -1
Tips 21 [ 3 [ 1] + + + —15
Tios || 24] 2 1 + + + —1£2
Tior [27] 1 |1 + + + -1
Tips [30] 0 [ 1] + + + —157
T129 O 12 O + + —(0> n.e.
Tiso | 311110 + + + n.e.
Tisi || 6 [10] 0 + + + —2:=
Tizo || 91910 + + + -2
Tiss || 12] 8 [ 0 + + + —132




[52] Mariusz Swornég

ty [ t3 | tg || Cic=1o) | Co—15y | Oy 5y || a(T7)
Tisa |15 710 + + + -1
Tiss 1816 [ 0| + + + —1
Tiss |21 5] 0 + + + —13;
Tiaz 244710 + + + -1
Tiss [ 271310 + + + —12
Tiso |30 2] 0 + + + —12
Tiao [33]11]0 + + + —13
Tin [36]0]0] + + + —13

**%* Solution Ty is excluted by Criterion C4; solution Ty7 is not.

At the beginning, we construct a pencil of 6 R-lines because tg = 1. Then we
construct one point with multiplicity 3, using two other R-lines. We can use only
one more R-line. The maximum number of triple points we can achieve is 3, as in
the figure below.

<A

% At the beginning, we construct a pencil of 5 R-lines, because t5 = 1. Then
we construct one point with multiplicity 4 (because t4 = 1), using three other
R-lines. We can use only one more R-line. The maximum number of triple points
we can achieve is 3, as in the figure below.

L

##* At the beginning, we construct a pencil of 5 R-lines because t5 = 1. We want to
maximize the number of triple points. We construct one point with multiplicity 3,
using two other R-lines. Two R-lines are left. Using one of them, we can construct
maximum two more triple points, using the second of them — 3. Therefore, the
maximum number of triple points we can achieve is 6, as in the figure below.
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= Extracting one of the lines from this configuration, it gives us Mobius-Kantor

KKK

configuration, which cannot be realized over R.

4.9. Main result

d 2| 3 4 b) 6 7 8 9 source
Hp(d) [0 -1]-13]-1,5 —1% -2 | 2] —2;=-2,25 [ 2]
H(Cd) [0 -1[-15 | -1,5[-12 | 153 [ -2 | —23=-2,25 [
Hi(R,d) |0 -1 [ 13 [-1,5] —12 [ -15 [ =2 | —275 &~ —2,077 | own work

As we can see, we have Hp(C,7) = Hr(R,7) # Hr(7) (that means over other fields
than R there exist arrangements computing the absolute Harbourne constant) and
Hr(R,9) # Hr(C,9) (that means over C there exists arrangement which cannot
be realized over reals — e.g. dual Hesse configuration).

The lowest values of Harbourne constants are given by arrangements:

d (R) d (R) d (R)
2 3 4 NG
d (R) (R) (R)
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d arrangements

. ()
L
\

. (R) (Fq) (Fano configuration)
: ®
\
9 (R) (C) (dual Hesse configuration)

N
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